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:

DETERMINATION OF THE CIRCULATION FUNCTION AND THE
MASE COEFFICIENT FOR DUAL-ROTATING FROPELLERS

By Theodore Theodorsen
SUMMARY

Values of the circulation function have been obtained
or dual-rotating propellers. HNumerical values are given
or four-, eight-, and twelve-blade dual-rotating pro-
nellers and for advance ratios from 2 to about 6. In
additiocn, the circulation function has been determined
for single~rontating propellers for the higher values of
the advance rstio. The masa coefficient, another quantity
of significance in rrope LICL theory, has been 1nr“nduhcda
This mass cocfficient, whi is abtaall; the mzan valu
of the circulation ooeiflclent, expresses the c-Lcctlve
area of the colurn of the medium acted upon by the pro-

n terws of the propeller-disk area. Values of
efficlent, vhich have been determined directly

_ measurements and also by integration of the
circulation lunction, are given for the four-, sight-,
and twelve-blade dual-rotating propellers. The mass
coefficient has slso been deter%1reﬁ for several cases
of single-roteting propellers, partly for the purpose of
comparing such experimental velues with theoretical results
in the known range of low advance ratios and partly to
extend the results to include a range of high advance
ratios. The effect of stationary countervanes on the
nass coefficient has also been determined for several

&

sed of practincsl interest.
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INTRODUCTION

Yreculation Function ¥X(x)

tein (reference 1) succeeded in solving

In 1929 Golds
f the ideal 1ift distribution of single-

the problem o
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“wf ting propellers. Goldstein's work is restricted to
saoz2ase of a 1light loading and also, in effect, to &
small advence ratio. Numerlcal values given Dy Goldsteln

for the optimrum c1rculatlon distribution are remrodtced
in table T and figure 1. Some additional values calcu-
lated by Framer (reference 2) for higher advance ratios
are given in table I and have been superimposed on the
foldstein results in figure 1. Numerical results by

Lock and Yeatman (reference 3) for the four-blade pro-

peller are reproduced in table II and figure 2. The

paraweter A used in tables T and IT is the tangent of
the tip vortex angle 1n the ultimate wake

1V 4+ w

TT e | emb——————

T nuD

where w  is the rearward d gplacement velocity of the
ic

h cal vortex surface at infinity., {A list of the

sym ools used throuchoub tqe paper is given in appendix A.)
These data have been used for compearison with results con-
tained in the present paper.

Tt should be emphasigzed that a distinction has besn
made betwsen dimenslions and conditions of the slipstreanm
at the propa2iler and these in the ultimate walke, a dis-
tinction that does not occur in the treatment of lightls
loaded propellers. The present naper is uonnerned exclu-
sively with conditions in the ultimate wske; in fact, 1

zan be skhown that thrust, torque, and eiiiqle“uv are all
uniquely given as functions of the ultimate walre only,
no knewledge of the propeller being necessary except for
murposes of actual design. It should be pointed out that
both the diameter and the advance angle of the ultimate
hmlﬁy are different from the values at the propeller, the
diameter being smaller end the aldvance ratio larger. It
can be shown t“ab the distribution function depends on
the ddVd“GF dP£1° only. The ideal distribution function
2
v

+ g

C'l‘

identical for 1light and heavy loadings pro-
ded both rCfer to identic al helix ang 1es in the ultimate
&

x)

n figures 1 and 2 the jquantity X{ is a charscter-
istic function related to the circulation TU'(=x) along
thhe blazde ag follows:

CONFIDEXTI AL
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pl'w
2m(V + ww

¥{x) =

where [' is the potential difference across the helix
surface at a radius x, p 1s the number of blades,
and ® is the angular velocity of the propeller. The
quantity

V + w

PRSI S s

W

paw

3 the notential drop for a velocity w through a

V + w

o

o
P
2T

which is the axial distance between two successive vortex
sheets., Each sheet has g% turns corresponding to a
time of 1 second and there are p separate sheets cor-
responding to p Dblaedes. The quantity ¥(x) 1s thus
the nondimensional expression for the potential drop
across the surface of discontinuity as a fraction of the
avallable drop in the direction of the helix axis.,

It should be noted that the coefficient K(x)
differs from the Goldstein cosfficient

pl'w
27 Vw

in which the velocity w has been disregarded in com~
zarison with ths advance velocity V. The coefficients
are identical 1f referred to the same helix angle of the
ultimate wake., '

CONFIDENTIAL
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Massgs Coefficient K

A sgignificant coefficient, which will be termed the
coefficient K and which may be shown to be one of
o basic parameters in the propeller theory, is now

introduced. It is given here merely by definition

1
K = 2Jf K(x) x dx
0

where x 1s the radius and the integral is taken from
x =0 to x =1, By inspection it is noted that K is
really the mean value of the coafficient X(x) over the

isk area, Tf ¥{(x) =1, then K = 1, which is the
iimitinﬁ value of K,

A physical internretation of K is interesting. It
is possibvle fo show that K  represents tha seffective
cross gection of the column of the medium "pushed™ by the
prowsller divided by the projected propeller-wake area.
In other words, the propelier imparts the full interfer-~
gnce velozlity w to & column of air of cross section
K per unit area of the ultiwate propeller wake. The
diameter of such a column is therefore /K for a pro-
peller wake of unit diameter. Although mathematicsal
refinements will not e considered in the present papsr,
this vhysical interpretation should suffice to indicate
thie nature of the coefficient and the designation adopted
Tt will be shown herein that the coefficient K 1is
readily obtained by direct measurements, to be described
later.

Figure 3 shows curves for various values of the mass
fficient K for the cases for which X{x) 1s known -
t is, for the single-rotating two- and four-blade
prropellers from tebles I and TI - as well as for the
limiting case of sn infinite number of blades. This
latter case 1s readily obtainsd by integration. With

2
¥(x) X
kg + X2
1 2
K o= ZJ[ 5 X > X 0x
c AT+ x

CONFIDENTI AL
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ig obtained or, after integration,

K =1-M logfl + %5

ve for this equation is shown as the upper limit
figure 3. Values for three- and six-blade pro-
1 » which were calculated from date by Lock and
zetman (reference 3), are also shown in figure 3. The
curves in figure % are used later for comparison with
data obtained in the present investigation.

.A_Jn
0313'#

ELECTRTCAL METHOD AND EQUIPMENT FOR
EASUFTNG K(x) AND K

Description

Tt is well known that the flow of elzectric currents

e

in a field of uniform resistance 1s mathematical 3
iccntvoal with the flow of & perfect fluid. The velocity
rotsntial may be perfectly reproduced by an elec frioal ’
wotential, provided the boundary conditions ars identical.

For the present problem a direct measuremsnt of the
acrodynamic field behind a propeller presents insurmount-
able difficulties; in contradistinction, the electrical
method of measurement is convenient and accurate and, in
addition, permits the determination of local as well as
integrated effects. The arrangement may, in fact, be
conzidered a special calculating machine for solving the
cifferential equation for given boundary conditions
rather than a means for obtaining experimental solutions.

Since the ideal flow (far behind the propeller) is
identical with the flow around & rigid helix moving at
a constant velocity in the direction of 1ts axis, the
corresponding electric fisld is obtained very simply by
inserting an lnqulatlng helix surface in a conducting
liguid and apn ying a uniform field in the dirsction of
the helix axl The vessel confining the liguid is a
1 ng ﬂylxwﬁrluul shell, alsoc of insulating material, The
ssel 1s closed at both ends by copper end plates that
are used as electrodes to apply the potential. The test-
specimen helix is placed coaxially with the shell, The
confining shell is considerably larger in diameter then
the test helix,

CONFIDENTIAL
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Figure L is a photograph of the test setup for the
direct determination of the mass coefficlent K. The
cylinder on the right constitutes a durmy compensating
resistance. The electrolyte used in these experiments
consisted of tap water from the local water-supply
system. The source of current was a 1000-cycle
alternating-current generator producing a rather pure
wave form at an available voltage of about 100 volts,
which was applied to the electrodes. An exploring device
consisting of a fine glass-insulated platinum wire with
an exposed tip was used to determine the voltage at any
point on the helix surface. This pickup device formed
a part of a potentiomster circult used in a Wheatstons
bridge arrangement with a sensitive telephone as a zsro
indicator. When voltage readings were taken, no current
passed through the telephone and the exploration wire.
This type of measurement is inherently accurate; the
error in the electrical measurements is estimated as
not more than one rart in 10,0C0,

Figure 5, also a photograph, shows the equipment
used in the manufacture of the helix surfaces. The
vertical insulated cylinder is an electrically heated
oil tank. To the top center of this tank is attached a
simple die or guiding device with a spirsl slit throuzh
which the heated plastic sheet material is pulled at a
uniform rate, A fan is used to supply cooling air at a
uniform rate. Tith certain precautions an almost
perfect helix is produced. Two mwodels of single helix
surfaces thus obtalned are shown at the left and center
in figure 6. A preliminary type of built-up model of
laminated construction, which was abandoned as too
inacecurate and expensive to build, is shown on the
right in figure 6.

Tn figure 7T(a) are shown examples of dusl helix
surfaces used for the main investigation. A four-blade
dual-wake model is shown on the left and a six-blade
dual~-waks model is shown in the center. On the right is
a four~blade single-rotation helix surface with four-
blade "guide vanes." Tn figure 7(b) are other examples
of higk-order multiple dual-rotation wake mocdels. Some
additional examples of single-ro@ation wake models with
guide vanes are shown in figure . The method of building
the dual helix models is indicated in figure 9. TUnit
surfaces were cut from right- and left-handed helix
surfaces and glued together to form a multiple dual helix.
Tortunately these complex bullt-up dual wodels were nseded
only for determining the mass coefficient ® and did not
have to be too accurate in detaill.

CCNFIDENTIAL
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For the dual-rotating-propeller field a significant
reperty 1s to be noted: The field repeats itself not
nnly along the axis but also circumferentially. A "uni
cell™ consisting of the helix surface between two succes-
a1ve lines of intersection is representative of the entire
neliz, It may be seen that the boundary condition is
tzken care cf by inserting two insulating planes containing
the axis and the two intersecting lines, respectively,
and by using conducting end planes perpendicular to the
azis which contain the same two intersecting lines. The
vessel may therefore be given the form of an open V-shape
tray with the elesctrodes at each end. The representative
helix may be obtained siwply by stretching a rubber mem-
brane from one cornsr of the tray to the opposite corner
at the other end. The wembrane is equippsd with stiff
redlal spokes an& is securely clamped in plsce. It auto-
matically assumes a splrsl shape, the effects of gravity
being of seconda vy order. The entire tray is arranged
on a machine lathe with the helixz axis slong the center
line and the ezxploring needle is attached to the carriage.
This arrangement effords convenient rezding of the voltage
at 2ny point on the spirsl surface. In order to increass
?ccuracy, the trays were made of considerable size, 5 to
1C feet long. By changing the length and the angle of
the tr vy, 211 values of A and the effect of the number
of blades could bz investigated.

_1,

™ figures 10 and 11 are shown experlimental setups
for measuring the potential distribution ¥{(x). The con~-
nections leading to the exploring needle may be seen in
figure 1l1.

Figures 12, 1%, and 1L show the gerneral arrangement
for determination of the potential distribution on dual
wake models. Figure 12 shows a unit cell for very low
icvance ratio, Note the V-shape test tenk and the adjust~
able end plate to change the advance ratio. ~Note, also,

e rubber membrane stretched between opposite cornsrs.
Fig re 13 shows the arrangement for supporting the exploring
nesdle. In figure 1l is finally shown the complete experi-
mental setup for dual helix surfaces of very high pitch.

¥all, End, and Thicknesas Corrections
The a1

snd the con
also to inc

milarity between the electrical test method
ventional wind~tunnel method may be extended
lude certain corrections. Obviously there is

CONFTDENTT AL
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a correction that corresponds to the customary wall cor-
rection. This correction i1s readlly ascertained by use
of vegsels of different diameters, a procedure that can-
not be easily utilized In wind-tunnel practice. It
should be noted further that the wall corrections are
~obtelined with great accuracy since each reading by the
electrical method is more precise than its aerodynamic
counterpart. By using tube diameters about threec times
the diameter of the test spirel the error in the results

1
was reduced to less than z—percent.

A correction not appearing in aerodynamic practice
is the end correction. Thils correction ozcurs only with
single~rotating nropelliers and is therefore of mincr
importance in tne present investigation. val~-rotating
rropellers possessplanes of constant rotential perpen-
dicular to their axes, and the ends therefore cause no
difficulties. By cutting the dual helix at a plane of
constant potential and by inserting a conducting end
plate in the cylinder the boundary condition is satisfied,
For single hellix surfaces, tests on two lengths of the
game helix must be used and the difference observed. This
rrocedure was used to meéasure the masgss coefficient &,

To measure the potential distribution ¥(x) a long helix
is reguired, the measurements to be made near the middle.

N

Another source of error exists for which the cor-
rection has been referred to as the thickness correction.
This error results from the fact that the material of the
helix sheet must have a finite thickness., This error may
be determined by using sheets of two or more thicknesses,
It is readily scen from thecretical considerations that

approximately one-half the thickness of the sheet must
be 8dded to the diameter in order to obtain an eguivalent
infinitely thin shest.

It should be mentioned finally that there is an
error resulting from inaccuracies in the wodel vortex
sheets. The error in X(x) c¢an be minimized by usinﬂ
mean values from a large number of readings over a con-
siderable portion of the helix. fO%tunatP]y, there is
no effect on the wass coefficient K gince this coef-
ficient is a wean-value parameter.

CONFIDENITAL
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Proof That the Mass Coefficient « T8 the
Blocking Effect of the (Infinitely Long)
Helix Surface

The mass coefficient K 18 obtained experimentally
by measuring the change in resistance cauvsed by the helix
surface when inserted in the cylindrical container., On
inserting the (nfinitely long) helix in the container ths
current between the end plates T, 1s decreased by a
definite amount AT, and 1t can bhe proved that

KEF _ AT
-
1. Io
oy
T @
K = %—]«:~ %—
O L
where F fected cross section of the helix snd

3 r ol c
3 1s the cross section of the cylindrical container.

By Green's theorem

} ~
J/(UVW’~ wWyy) do = J/}Uvzw - WVdU) aT
o} T

If

U=V

/(U’V’F-;' - wyU) do = O
g

Let W be the distance 2z salong the helix axis
measured from a reference plane perpendicular to the

w =0

it follows that

CONIIDENTIAL
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gl

axig; V¥ 1ig therefore a unit vector in the dirsction =z,
Let U Dbe the potential resulting from ths applied volt-
age and the local gradient VU may be written

L 1,

where U is the constant voltage difference between the
znd plates, which are placed &t an axial distance L

agart, eand 1 1s the local current and i, the current

at infinity. TIf the surface integrals for the entire
enclozed hselix surface A and the end surfaces 3,
regpectively, are takan, the following relation is obtained

1 1
/U‘d.Azz/’U-ziQ«?’:u ds
Y% ‘3 b %o

or
1 o / ( S
[t T dA, = e
To dhg y Us L i a3

where the integrals are to be taken over both sides of
the ©» helix surfeaces and over voth end plates.

Howevar,
1 -
T U di
Jo %

A

mav be written in the forwm

T J
T, - 1) aF
ToE (Ul 2) |

wiere the integral is taken over cne turn of one helix
for cne side only, as Uy - Up 1is the differsnce

CONFIDENTI AL
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e drop per sheet 1is

<

T
Jo 1
L p
By definition
Ty -~ Ts
K(x) = et
ol
LD

Thus

1
%L U dA, = [ ¥(x) aF = 25-] 7(x) xdx = KF
U

i

f*.lSO,
71
J 7z 1 1 AT
u{,.,. e 0 VoA 0 o}
1D S

~

and therefore

KE _ AT
s I,

11

votential between the two sides of the sheset. The volt-
1

where T, 1is the total c%rrent between the end plates

with a uniform gradient 3?- in the field,

EYPERTIVENTAL DATA
Mass Coefficient K

Mumerical values for the mass coefficient K,
obtained on dual-rotation wake models, are shown in

CONFIDENTT AL
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176 15, This chart is probably sdequate for all
yractlcal purposes, as a large range of advance ratio
has been covered., The designation used for the propellers
corprises three digits: The first digit refers to the
nurber of right-handed blades, the middle digit to the
camber of gulide vanes, and the last digit to the

mumber of left-handed blades - for instance, %3-0~3% repro-
2=nts a dual-rotating propeller with three right-handed
and three left-handed blades. The highest number of
Llades tested was for a é-0-6 or twelve-blade propeller.

As a8 matter of interest, it is very fortunate that
the method and efuipment could be tried out in all its
rarifications on the known case of the CGoldstein curve
for a two-blade proo@Ller. The Goldstelin curve is the
curve in figure 15 marked "Theoretical." The test
noints, which have been corrected for well, thickness,
and end effects, are shown. Except in a very fow cases
the test points Lie on-the theorstical curve for the two-
blade propellers, The somewhat lesser consistency in
the cases of dual-rotating provellers is not due to in-
hersnt test inaccurasy but “athcr to a necessary limita-
tion on time and equiprent for making the modblo, e~
forming the tests, and cobtaining the corrsctions. The
thicknesgs correction for the high advance ratios ig con-
giderable ¥ote that threes thicknesses have besen used
for many of the test points. A glance at one of the
comnosite models shown in figure T(b) will suffice to
indicate the labor invelved in producing the models.,
Fach test point in figure 1% represents a different con-
vlete model; some fifty models thus are represented Ly
the results shown., This number was necessary in order
to include all propsllers and all advance ratios of
¢“i¢“g at present and in the futurs.

Results for single-rotation wake models with guide
vanes are chown in f;.grurp 16 for two-, three-, and four-
blade propellers, spectively. Such gulde vanss are

O s
Ll o 5.3

/')n
fig

supposed to reoresent stationary vanes arranged ilmmediately

front of or behind the propeller to stralghten the flow,
should be noted that the cases shown correspond to those
an ideal thrust distribution both on the proreller snd
the gulde vanes. The uppermost curve in each part of
sare 16 s reproduced for purposes of comparison with

the corresponding dual casec.
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Distribution Function K{(x,8)

The measured potential distributions on dual wake
rmodels are shown in figure 17. These tests wers mads on
largs=scale unit cells of the type described eariier.
Figure 17 contains results on 2-0-2, Lj-C-l, snd 6-0-6 dual~
rotating propellers, in each case for three advance ratios.
The potential drop is given in nondimsnsional form and
is plotted sgainst the radius, Each curve represents a
radial line on the helix. The angular position of the

2dial line is given as a fracticn of the cell séemiangle
asured from the middle or symmetry line of the cell.

Mgure 18 shows K(x) as the potential differsnce
at the zero angle or midway between two successive inter-
secting lines. The results are arranged in order shoving
the four-, eight-, and twelve-blade dual-rotating pro-
pellers at three advance ratios.

The function K{(8) is ghown ﬁn figure 19 nlotted
against the angle meagured from the same zero reference
angle. Results are shown for the same three propellers
at the same thwee advarice retios. Lurves are shown for

. s 11
threo valuss of ths radial distance =x =, and 2

L2

)

DISCUSSTION
The concept of a wass coefficient K dzsfined as

K 2 ¥{x) x dx

has been introduced, where XK(x) is a nondimensional
distribution 1unct10n and x 1&g the nondimensional
radius Mumerical values of ® for the ¥nown cases
qzawle rotating propellers are shown in figure 3. It

is noted that the mags coelficient drops ruuLdlv with th

. a— + W 2
advance ratio. For Y*?ri = 2, the value of K 1s less

1}
|2y

han C.5 even for an infinite number of blades and i
less than C.2 for the two-blade single-rotating rrope

CONFIDENTI AL
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For cdual-rotating propellers the mass coefficient
defined as

1 n2n
K = % K(x,8 )x dx &6
0wO

is considerably larger. A 2-0-2 propeller has, in fact,
. V +w
a larger mass coefficient at

= 2 than the single~-

rotating propeller with an infinite number of blades.
The 6-0-6 propeller at the same advance ratio has a mass
coefficient K = 0.79 or near unity, (See fig. 15.)

The effect of gulde vanes is of considerable
practical interest. These vanes are stationary and are
arranged either immediately in front of or behind the
propeller, The questicn 1s whether such a stationary
svstem in some cases may be more acceptable than a dual
arrangement of counterrotating propellers. As an example,
censider a three-blade single-rotating propeller at an
advance ratio of 3., (See fig., 16(b).) The mass coeffi=
cient K of the proneller alone is seen to be 0.142;
the 3-2«0 propeller with two guide vanes shows a value
of Kk of 0.238, and the 3-l-0 propeller with four guide
vanes shows a value of k of 0,286, For comparison,
the three-blade dual-rotating propeller shows a value
of k& of 0.486 at the same advance ratio. If a dual-
roctating propeller is not used, the double gulde vane is
undoubtedly desirable in some cases. Actually, the
induced loss 1is reduced to about half as compared with
the loss in the case without vanes. The difference in
the effect of two or four vanes is relatively small.

Langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va.
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APPENDIX A
SYMBOLS
v advance velocity of propeller
w rearward displacemsnt velocity of helical vortex
surface (at infinity)
n rotational speed of propeller, revolutlons per
second
W angular velocity of propeller (2mn)
D diameter of propeller
- ;bw' ‘advance ratio of wake helix
1V +w
MES T
H pitch of wake helix (V ; W)
r circulation at radius r i -
. . . . . plw 1\
K(x) circulation function for single rotation: 4
2m(V + W)W}

K(x,0) circulation function for dual rotation

o) number of blades of propeller or separate helix
surfaces

K mass coefficient <1Uf K(x)x
or—-/ fK(x f)x dx a8>

X ratio of radius of element to tip radius of
vortex sheet (r/R)

r radius oi element of vortex sheet

R tip radius of vortex sheet (%15

CONFIDENTTAL
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8 angular coordinate on vortex sheet

F projected area of helix (mR®)

3 area of end plates of cylindrical test tank

I, current through test tank with helix removed

AT reduction in current due to presence of helix
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TABLE T

OPTIMUM CIRCULATION DISTRIBUTION FOR THE
TWO-BLADE PROPELLER

Calculated by Goldstein (reference 1, p. 450) .

x A= x K:T‘x L-.-l

5
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900 .738
9501 .56
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Calculated by Kramer (reference 2, p. 23)
i | = 1 -1 . - -
x A I A 3 A 5 A= 1.0 A= 2.5
0.1 0.2%2 0.16k o.oqlg 0.0283 0.00kLok
2 1418 .30% 175 s ,0552 .0097h
.E .548 412 246 .0795% .01
. .629 486 .297 .0939 .01806
b5 655 : 510 |  ee--e- .1082 .01976
.5 .67 .528 | .331 .1155 0212,
.6 . 679 540 .3 g .1239 .ozg2
.7 .65l . 517 .33 L1213 - .02
.gs . 623 .93 .325 .1213 .02396
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figure 4.- Test setup for direct determina

ient
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tion of the mass coeff
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Figure 5.- Equipment for constructing celluloid helix surfaces.
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Figure 6.- Celluloid single nhelix surfaces. (On right,
preliminary laminated construction.) :



NACA ACR No. L4HO3 Fig. 7a

(a) Left and center - for four and six blades, dual
rotation. Right - for four blades, single
rotation, with four-blade guide vanes.

"Figure 7.- Dual helix surfaces.
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(b) High-order multiple blades,
rotation.

Figure 7.~ Concluded.

dual

Fig.

7b
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Figure 8.~ Two-tlade single-rotation helix surfaces with
guide vanes.
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Figure 9.- Steps in the construction of tne more complicateu nelix surfaces.
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Figure 10.- Setup for measuring tne potential distribution Kix)
for single-rotation wake models.
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Pigure 16.- Continued.
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